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Abstract. We developed a numerical model based on a multi-species lattice gas cellular automaton to study
passive and reactive tracer migration in saturated geological media. The model was made of multiple lattice
gases interacting via a two-species collision rule. For a binary mixture, the model displayed a negative
deviation from Raoult’s law and therefore behaved as a real solution. By biasing the initial two-species
collision rule, our model was made to obey the tracer assumption which requires that the tracer species
does not affect the velocity of the vehicle fluid. In a 2D fracture, we checked the Taylor-Aris relation. An
irreversible adsorption between the tracer and the solid phase was numerically added to perform filtration
of the colloids. A good agreement was found with the solution of the filtration equation. An attachment
efficiency was defined and was found to bear a linear relationship to the filtration coefficient. We added
a third species to study the potential role of colloids in the transport of contaminants. Contaminant
migration was enhanced when contaminants were bound to colloids and was slightly reduced when colloids
were allowed to adsorb on the solid phase.

PACS. 47.55.Kf Multiphase and particle-laden flows – 82.70.Dd Colloids – 47.55.Mh Flow through porous
media

1 Introduction

In the framework of the assessment of nuclear repositories
safety the migration of radioactive pollutants in fractured
geological media has been widely investigated. Transport
models traditionally partitioned radionuclides between a
mobile and an immobile phase. It was established that,
because of diffusion into the rock matrix adjacent to the
fractures and adsorption on the matrix pore walls, the
radionuclides, released from the repository, were delayed
in their migration through the fractures of the host rock.
However, within the past two decades experimental data
provided evidence for a third phase in the contaminant
migration process: the potential role for colloid-bound ra-
dionuclides [1–3]. Transport of contaminants can be ei-
ther enhanced or diminished by the presence of colloids
(e.g. [4–6]). Therefore, a model that would predict ra-
dionuclide pollution in fractured geological media must
account accurately for colloid material transport.

The objective of this paper is mainly methodologi-
cal. We present a new multi-species lattice gas automaton
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M. Curie-INRA, Tour 26, case 120, 4 place Jussieu, 75252 Paris
Cedex 05, France
e-mail: pot@ccr.jussieu.fr

b Present address: European Parliament, Rue Belliard 97-
113, 1047 Bruxelles, Belgium

(LGA) model developed in order to study the colloid filtra-
tion in saturated geological media and the potential role
of colloids in the transport of contaminants. The model is
based on the concept of multiple LGA interacting through
microscopic diffusion rules. Lattice gases are a class of cel-
lular automata appropriate for describing fluid dynamics.
Briefly stated, these models simulate a discretized fluid
in velocity, space and time (full description can be found
in [7]).

The principle of the multi-species LG model and its
physical and hydrodynamical properties are described in
Section 2. Then, we apply the model to the dispersion of a
passive tracer through a 2D fracture. Finally the filtration
of a reactive tracer and the transport of a contaminant
species bound to either a passive or a reactive tracer are
described in Section 4.

2 The multi-species model

2.1 Principle

LG and LB models have already been extended to
multi-species models to study the behavior of a passive
scalar [8–10] and, recently, of a reactive tracer [11]. Un-
like the LG models, the LB models do not exhibit sta-
tistical noise and a large range of viscosities and molec-
ular diffusion coefficients can be used [12]. In the case of
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Fig. 1. The principle of the construction of the multi-species
lattice is to sum multiple parallel overlying one-species lattice.
The model is presented here with two species. The white ar-
rows represent the red particles and the black arrows represent
the blue particles. The cells of the two-species lattice can be
occupied by at most two particles, one of red type and one of
blue type. At each time step, each type of particles hop from
one site to another site according to their velocity vector and
undergo the one-species collisions of the FHP-I model on their
own colored lattice. Then, the red and blue particles interact
with each other by means of a two-species collision rule defined
in the next figure.

the LG models, viscosity and molecular diffusion coeffi-
cient are generated by the microscopic rules. They are
density-dependent and are not allowed to be easily inde-
pendently varied. However, we chose the boolean LG ap-
proach because it allowed us: i) to introduce, with the help
of simple microscopic rules, a set of elementary adsorption
processes, and ii) to study the effect of different hydro-
dynamical conditions (various velocities, different size of
fractures) on the filtration of colloids and the transport
of contaminants. In fact, the multiple LG approach al-
lowed us to follow the exact hydrodynamics of each species
and consider various adsorption processes (solid-colloid,
contaminant-colloid).

We built our multi-species LG model as the sum-
mation of the configurations of multiple overlying par-
allel lattices, each containing an ensemble of the same
color of particles moving on their assigned lattice, accord-
ing to the rules of the FHP-I model1 (Fig. 1). At each
node, particles of different type interacted together ac-
cording to a two-species collision rule that was chosen
to minimize the molecular diffusion coefficient (Fig. 2)
and so increase diffusion times compared to hydrodynamic

1 We chose the FHP-I version (among the FHP models [7])
because the filtration of colloids in geological media involves
small natural velocities, usually of a few meters per year [13].
The experimental Darcy’s law that holds in these situations is
valid for a Reynolds number lower than about 10. The FHP-I
model corresponds to a comparable value and obeys Darcy’s
law [14].

Fig. 2. Reversible two-species collision rule. Red and blue par-
ticles are labeled with white closed arrows and black closed ar-
rows respectively. Open arrows represent any occupation by
any color of particles. A maximal momentum of −4 is ex-
changed at a site for each collision. Although the collisions
did not conserve the color-momentum, they conserved the to-
tal momentum.

times. These rules depended on the local position of the
different colored particles. They could be compared to
Rothman and Keller’ diffusion rules that depend on the lo-
cal color gradient and create, in their case, surface tension
effects [15]. The exclusion principle did not hold anymore
on the multi-species lattice although it held on each col-
ored lattice. This approach overcame the main limitation
of other multi-species LG models [8]: it allowed us to add
as many different species as one needs without including
an increase in the statistical noise of calculations since, for
each species, the range of particle density was the same as
for the mono-species model.

For our purpose, up to three species were studied: the
vehicle species (blue particles), the colloid species (red
particles) and the contaminant species (green particles).
In the following section, we study the physical properties
of our multi-species model restricted to two species.

2.2 State equation and Raoult’s law

An interesting property of our multi-species LG model
was that the equilibrium partial pressures could be sim-
ply calculated for each component. The total pressure of
a binary mixture, containing red and blue particles, was
defined as the sum of the red and blue pressures. For a
homogeneous distribution of red and blue particles, it is
given by:

p = pr + pb = 3d+ 3γθrd(1− θrd)(1− θr)d(1− (1− θr)d)
(1)

with d = dr +db the total (red plus blue) reduced density,
γ = −4 the total momentum transferred in a two-species
collision and θr = dr/d the relative red concentration. The
first term of the last expression in (1) corresponds to the
momentum flux due to the propagation of red and blue
particles and the second term, calculated according [16]
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Fig. 3. Equilibrium pressures measured for different relative
red concentrations at fixed total reduced density (d = 0.8 par-
ticle per cell). Symbols represent the results of numerical sim-
ulations. Triangles, diamonds and stars are the measured red,
blue and total pressures, respectively. Solid lines are the cor-
responding theoretical pressures calculated as described in the
text. We drew Raoult’s law prediction for each component with
dotted lines. The units of the pressure are [mass units/(lattice
units × time unit squared)].

corresponds to the momentum flux due to the collision
between red and blue particles.

We randomly distributed a uniform density of red and
blue particles in boxes containing 64 × 64 nodes and let
the system evolve for 2000 time units (tu). To measure the
partial pressure of each component, we defined links rather
than nodes as counters of the exchanged momentum. A
positive contribution of +1 was given for propagating par-
ticles and a negative contribution of −2 was given for col-
liding particles. Results are plotted in Figure 3. The nu-
merical measurements of red and blue pressures displayed
perfect agreement with the theoretical pressure previously
calculated (Eq. (1)). We observed negative deviations from
ideal solution behavior [17], although the partial pressure
of the components at the highest and lowest concentra-
tions approached the values given by Raoult’s law. We
concluded that our model behaved as a real solution where
the interaction between the two species was stronger than
the interaction between particles of same color.

2.3 Molecular diffusion coefficient

We checked the diffusive behavior of our model and
measured the molecular diffusion coefficient by studying
the time relaxation of a one-dimensional concentration
step [18]. Numerical simulations were performed in boxes
of size L×W = 320× 126 nodes. A very good agreement
was found between the measured data and the solution
of the diffusion equation, although for reduced densities
superior to 0.7 particle per cell the agreement was less
satisfactory. Figure 4 displays the molecular diffusion co-
efficient, Dm, as a function of the total reduced density, d.
We observed that Dm goes to zero as d approaches unity,
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Fig. 4. Measured molecular diffusion coefficients versus re-
duced density. Squared symbols are the Dm values measured
with the two-species collision rules of Figure 2, and diamonds
are the Dm values measured with the biased two-species colli-
sion rules of Figure 5. The units of the diffusion coefficient are
[lu2/tu].

Fig. 5. Biased two-species collision rule. Legend is the same as
Figure 2 with no arrows representing no particles. A maximal
momentum of −2 is exchanged at a site for each collision.

since, in this particular case, our two-species collision rule
prevents particles from diffusing.

3 Study of a passive tracer

3.1 A biased multi-species model

In real life, when colloids are advected by the flow, they
do not perturb the velocity of the fluid [19]. In our ap-
proach, because of the coexistence of collisions between
particles of same type and collisions between particles of
different types, the addition of a pulse of red particles
introduced density perturbations in the blue fluid, their
strength being proportional to the red particle density.
Statistical noise inherent in LG models required us to
use non-infinitesimal tracer density. Therefore, we mod-
ified the two-species collision rule and proposed to cancel
the scattering of the blue particles by the red particles.
The new biased two-species collision rule is displayed in
Figure 5. This was a notable change since the output
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configurations did not conserve the total momentum.
However, most of the features of the previous model
were recovered since red diffusion occurred only if the
same input configurations of the two-species collision
rule described previously were met. The immediate result
of this new procedure was that the blue velocity distri-
bution was transmitted to the red particles through the
biased two-species collision rule. The blue fluid therefore
played the role of a body force acting on the other species.

We measured the molecular diffusion coefficient result-
ing from this new two-species collision rule by repeat-
ing our previous simulation of time relaxation of a one-
dimensional red concentration step. Results are plotted in
Figure 4. Dm values showed a duality against the density:
for d = 0 and for d = 1, Dm was infinite because no red
diffusion was performed. The Dm values obtained with the
two variants of the two-species collision rule were of the
same order of magnitude for d < 0.5, as one would ex-
pect since the two rules assumed locally the same input
configurations.

3.2 Dispersion of a passive tracer

We checked the dispersive behavior of the biased multi-
species model by studying the time evolution of a tracer
concentration continuously injected into a fluid flowing
between two parallel walls [8].

Initially, the channel of size 4000× 28 nodes was uni-
formly filled with a blue fluid of reduced density db = 0.6
particle per cell. A constant blue flow was generated by
probabilistically biasing the x-momentum of the blue par-
ticles. We used this numerical method because the sta-
tionary Poiseuille velocity distribution was obtained much
faster than when applying a pressure gradient. Then, at
the left boundary of the channel, we continuously injected
the inert tracer of reduced density dr0 = 0.2 particle per
cell. The normalized red particle density, dr(x, t)/dr0, ob-
tained in our simulations was in good overall agreement
with the analytical solution of the standard convection-
dispersion equation. We successfully checked that the
mean distance 〈x〉 traveled by the tracer concentration
equaled Ut with U the mean tracer velocity.

We checked, for U ranging from 0.035 to 0.315 lu.tu−1

(Peclet number Pe = Ua
Dm

ranging from 0.47 to 4.27), that
the model obeyed Taylor’s relation [20] calculated in the
case of two parallel plates with aperture a [21]:

DL = Dm +
U2a2

210Dm
(2)

with DL the dispersion coefficient. We found a linear re-
lation between DL and U2 (Fig. 6): DL = (1.78± 0.04) +
(2.5± 0.8)U2.

A constant coefficient of 1/210 appears in Taylor’s re-
lation (2). TakingDm = 1.78±0.04 and a = 28

√
3/2 lu, we

calculated a constant coefficient from the slope of our lin-
ear relation and found it to differ by a factor of 1.6± 0.5
from Taylor’s prediction. The Dm value extracted from
our linear relation is very close to the value obtained in
Section 3.1 (1.79± 0.04).

mean tracer velocity squared
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Fig. 6. Longitudinal dispersion coefficient versus the square
of the mean tracer velocity. Symbols are the measured values
and the solid line is the best least-square-fit. The dashed lines
gives the uncertainty of the slope and the regress intercept.
Units are [lu2/tu] for DL and [(lu/tu)2] for the V 2.

4 Study of reactive tracer

4.1 Adsorption isotherm

We simulated the deposition of colloids on the solid phase
with a very simple procedure. We defined the following
irreversible adsorption: a solid site adsorbed a particle
once every n collisions. Adsorbed particle were removed
from the lattice. We calculated the attachment efficiency
α, defined as the ratio of the number of collisions that
succeed in producing adhesion to the number of collisions
which occur between suspended particles and the solid
phase [22], and we found α = 1

n . The model was able to
deal with the full range of possible situations, from the
no-adsorption case (α = 0) to the infinite sink boundary
condition (α = 1).

One can calculate the theoretical adsorption isotherm.
Let Sn be the number of tracer particles adsorbed per
solid site and per time step. Because of the hexagonal ge-
ometry of the lattice, Sn is dependent of the geometry of
the solid phase. In the case of a wall parallel to one of
the three directions of the lattice, the averaged number
of particles per solid site is equal to one third of the av-
eraged number of particles per non-solid site. Therefore,
and from the definition of our irreversible adsorption rule,
the adsorption isotherm reads:

Sn =
1

3n
ρr. (3)

We numerically measured the adsorption isotherm in the
case of a channel geometry of L ×W = 256 × 32 nodes.
The channel was initially filled with a uniform blue fluid
of density ρb and a uniform red fluid of density ρr. At each
time step, the density of the red fluid was kept constant
by re-injecting the exact number of adsorbed red parti-
cles. An equilibrium between the number of injected red
particles and the number of adsorbed red particles was
rapidly reached. For these simulations, n was fixed to 30.
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Fig. 7. Normalized red density versus time measured at a
distance of 300 nodes from the inlet. The top curve corresponds
to the non-adsorbing case, and from top to bottom the three
other curves correspond to adsorbing tracer with n = 60, 30
and 15, respectively. Tracer was injected 1000 time steps after
initial time. Each curve is the average of ten repetitions.

We counted the total number NA of red particles adsorbed
onto the solid phase during T = 2000 lu. Then, we cal-
culated Sn as NA/(2LT ). We repeated the simulation for
different values of ρr and we found the following linear re-
lation: S30 = 0.011ρr which was in perfect agreement with
the analytical relation (3).

4.2 Numerical experiment of filtration of a reactive
tracer

We resumed the experiment of dispersion of a tracer
through two parallel walls of Section 3.2 for a mean red
velocity equal to 0.175 lu.tu−1. We repeated the experi-
ment for different values of n ranging from 15 to 500. We
measured the red concentration inside the channel as a
function of time at fixed distances L = 100, 300, 500 and
800 lu from the injection inlet. The measures were aver-
aged over the thickness of the channel and over the range
[L−10, L+10]. The resulting elution curves are displayed
in Figure 7. The normalized red concentration, expressed
as the ratio of the red concentration to the injected red
concentration, was plotted against time for three different
rates of adsorption: n = 15, 30 and 60 and at L = 300 lu.
After about 4000 tu a plateau was reached which meant
that an equilibrium was obtained between the injected red
concentration and the adsorbed one. We compared our re-
sults with the solution of the filtration equation proposed
by Iwasaki (1937)[23]:

C

C0
= exp(−λL) (4)

with λ the filtration coefficient, L the length of the filter-
ing medium, C0 the influent concentration of tracer and
C the effluent concentration obtained after the complete
breakthrough of the tracer. We found the following linear

ln(C/Co)/L
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Fig. 8. Attachment efficiency coefficient, α, against
ln(C/C0)/L. The measures were performed at the following
fixed different distances L from the injection of the tracer: 100
lu (+), 200 lu (4), 500 lu (�) and 800 lu (�). Solid line is the
best least-square fit (see relation (5) in text).

relation between α and ln C
C0

(Fig. 8):

α = −(8.7± 0.3)
1
L

ln
C

C0
· (5)

Therefore, from equations (4, 5) we established the
straightforward relation between the filtration coefficient
λ and our attachment efficiency α:

λ =
α

8.7
· (6)

In Figure 9, the tracer concentration profiles are displayed
for all L and for four different rates of adsorption (n = 15,
30, 60 and ∞) together with the solution of the basic fil-
tration equation (4) using the value of λ obtained from (6).
The agreement is perfect for attachment efficiencies close
to one but small discrepancies are observed for weaker
adsorption.

4.3 Colloid-bound contaminant migration

We used our model with three species in order to study the
potential role of colloids in the contaminant migration pro-
cess. Recent experimental measurements showed that ra-
dionuclides of low aqueous solubility were transported sig-
nificant distance from their source than would be expected
from their solubility [3]. We investigated therefore whether
our model was able to account quantitatively for these ef-
fects through adsorption of the contaminant species onto
the colloidal phase. To this end, we compared numerically
the migration velocities of a green (contaminant) and a
red (colloid) concentration pulse that were advected by a
blue (vehicle) fluid in a channel of size 3000 × 128 sites.
The colloid pulse traveled at a constant mean velocity
Ur = 0.193 lu.tu−1, and the contaminant pulse traveled
at a lower constant mean velocity Ug = 0.16 lu.tu−1. Dif-
ferent initial densities (dr = 0.6 and dg = 0.2 particle per
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Fig. 9. Normalized red density profiles against the length of
the channel. The top curve is the result of the non-adsorbing
spreading tracer fitted to the advection-dispersion analytical
solution. The adsorbing tracer concentration profiles displayed
correspond to values of n equal to 60, 30 and 15 from top to
bottom respectively.

cell) allowed us to simulate a macroscopic delay in the
contaminant species migration. In real systems, such dif-
ferences in velocity can arise for instance from the different
solubilities of the contaminant species. In Figure 10a are
displayed the mean distances 〈x〉 traveled by the pulses as
a function of time.

In a first simulation, the contaminant was allowed to
adsorb on the mobile colloidal phase. Once a green parti-
cle was adsorbed on a red particle, it followed the exact
dynamics of the red particle. No more than one green par-
ticle could be adsorbed onto a red particle. In this situa-
tion, adsorption took place each time a free red particle
encountered a green particle on the same cell. The result-
ing velocity of the colloid-bound contaminant was found
to be the same as that of the colloid (0.194 lu.tu−1). This
result was expected, since within 100 tu the whole ensem-
ble of green particles was adsorbed onto the red particles.
We repeated the simulation with a fixed constant proba-
bility β = 0.002 for the green particles to get adsorbed.
The resulting migration velocity, Ug = 0.188 lu.tu−1, is
intermediate between that of the free contaminant and
that of the totally colloid-bound contaminant (Fig. 10a).
After 5000 tu, about 80 % of the total green particles got
adsorbed onto colloidal particles.

In a second simulation, we studied the role played by
the filtration of the colloidal phase in the migration of
the colloid-bound contaminant. The simulation was per-
formed with the filtration of the colloids described by
an attachment efficiency α = 0.066 and with the prob-
ability β = 0.002 for green particles to get adsorbed
on the colloids. The resulting migration mean distances
are displayed in Figure 10b. A linear variation with time
was found after 2000 tu for the colloidal pulse and for
the colloid-bound contaminant pulse. Calculated veloci-
ties were found to be 0.169 lu.tu−1 and 0.137 lu.tu−1,
respectively. The latter velocity was inferior to that of
free contaminant migration. We showed that the colloidal
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Fig. 10. (a) Mean distances traveled by the following differ-
ent concentration steps against time: colloids (•), free contam-
inants (+), contaminants entirely bound to colloids (4) and
contaminants partly bound to colloids (×) are displayed. Solid
lines are the best least-square fits. (b) Mean distances trav-
eled by the following different concentration steps against time:
colloids undergoing an adsorption onto the solid phase (�) and
contaminants partly bound to this colloidal phase. (5) Dashed
lines are the best least-square fits calculated after 2000 tu. Re-
sults obtained for colloids and contaminants in the cases with
no adsorption (colloid-contaminants and colloid-solid phase)
are also displayed. Their legend is the same as in (a).

phase can have a disastrous effect on the migration of con-
taminants, since, in the absence of colloid filtration, the
velocity of green particles was significantly enhanced (by
a factor of about 1.2). However, filtration of colloids has a
beneficial effect since the velocity of the contaminant was
significantly reduced in our simulations.
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5 Conclusions

We constructed a multi-species LG model from multiple
reacting lattice gases. This new approach allowed us to cal-
culate the partial pressure of each component of a binary
mixture. We modified the microscopic diffusion rules of
our model in order to study tracer filtration and contami-
nant migration velocities. In our simulations, we obtained
a constant velocity of the mean displacement of the tracer
concentration as expected.

The objective of this paper was mainly methodologi-
cal. We showed that we could easily implement different
processes such as colloid-contaminant and solid-colloid ad-
sorption and combine them in a simple way. We concluded
from these simulations that, when using simple irreversible
adsorption procedures onto mobile and immobile phases,
the model was able to describe quantitatively the influ-
ence of the colloidal phase, as well as of colloid filtration
on contaminant migration. Our results show that colloid
filtration plays a crucial role in contaminant migration.
Therefore the concept of interacting multiple LG models
can constitute a useful basis for further investigations in
the migration of contaminants.

A specific question one can address on the basis of
our results concerns the meaning of the coefficient of
proportionality found between the filtration coefficient
and the attachment efficiency. For instance, filtration per-
formed with different velocities should establish whether
the model incorporates hydrodynamical effects in the fil-
tration mechanism. In this paper, only irreversible ad-
sorption procedures were implemented. Interesting exten-
sions of this work would involve introducing more complex
microscopic rules in order to model at a more elemen-
tary level the interactions between mobile and immobile
phases. Thus, to incorporate adsorption kinetics, a des-
orption procedure should be added so that the sorption
processes become dependent on the local concentration
of the relevant type of particles, following the Immiscible
Lattice Gas approach [15]. The parameters α and β (col-
loid attachment efficiency on the solid phase and prob-
ability for adsorption of a contaminant particle on a col-
loidal particle) obtained from the LG simulation can serve
as phenomenological predictions for analogous parameters
derived from microscopic models based on the fundamen-
tal electrostatic interactions between the actual particles.
Such attractive forces can also be modeled using the LG
approach, as it has already been done in [24] for porous
media.

Valérie Pot would like to thank the modeling section (PSI)
for allowing her to perform this work and especially Dr. J.
Haderman and Dr. A. Jakob for fruitful discussions. She also
gratefully acknowledges Prof. S. Zaleski (Université P. et M.
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